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Abstract 
Herbera, D. and P. Pillay, Injective classical quotient rings of polynomial rings are quasi- 
Frobenius, Journal of Pure and Applied Algebra 86 (1993) 51-63. 
The left classical ring of quotients of the polynomial ring Q&(R[X]) over an infinite set X is 
right or left self-injective iff it is quasi-Frobenius iff Q:,(R) is quasi-Frobenius. The same result 
holds when X is any nonempty set and Qz,(R[X]) is right and left self-injective or when 
Qzl(RIX]) is injective as a right R[X]-module. Analogous results are given for the classical ring 
of quotients of a group ring over a free abelian group. As a corollary it is proved that if R is 
either commutative or right nonsingular then R[X] is right FPF iff X has cardinality one and R 
is semisimple Artinian. A similar result holds for right FPF group rings over a free abelian 
group. 
Introduction 
In this paper we are concerned with the question of when the polynomial ring 
R[X] over an arbitrary set of variables X, has a right or left self-injective left 
classical ring of quotients. 
In [14, Theorem 4.51 Pillay proved that R[X] has a quasi-Frobenius left 
classical ring of quotients, Qr,(R[X]) say, iff R satisfies the same property. We 
shall prove that weaker injectivity conditions on Qf,(R[X]) imply the same result. 
In [5, Question 12, p. 621 Faith asked if for a commutative ring, the coincidence 
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of the classical ring of quotients and the maximal ring of quotients is inherited by 
the polynomial ring. Our results answer this question in the negative. 
In Section 1 we give one of the key results of the paper: if R[X] has a right 
self-injective left classical ring of quotients then R satisfies the ascending chain 
condition on right annihilators. Since a right or left self-injective ring satisfying 
the ascending chain condition on right or left annihilators is a quasi-Frobenius 
ring (QF for short) [4, Corollary 41, we can conclude that if R has a right 
self-injective left classical ring of quotients and the polynomial ring has the same 
property then R must be a left order in a QF ring. As a consequence of this we 
need to study when the existence of Qz,(R[X]) implies the existence of Q%,(R), 
and when the injectivity conditions on Qz,(R[X]) are inherited by Q:,(R). This 
problem can be avoided when considering polynomials over an infinite set X and 
we can get a completely satisfactory result in this case: Qz,(R[X]) is right or left 
self-injective iff it is QF iff R is a left order in a QF ring. 
In Section 2 we study the classical ring of quotients of R. Our results allow us to 
conclude that if Qz,(R[X]) 1s either (1) injective as a right R[X]-module or (2) 
self-injective on both sides then Qf,(R[X]) is a QF ring. Moreover, this conclu- 
sion appears to be equivalent to R[X] having a two-sided right or left self- 
injective classical ring of quotients. 
In Section 3 we extend the results on the polynomial ring to the group ring over 
a free abelian group. 
A ring R is right FPF if every finitely generated faithful right R-module is a 
generator of the category of right R-modules. A ring is FPF if it is both right and 
left FPF. Commutative FPF rings are characterized as those commutative rings R 
such that the classical ring of quotients is self-injective and finitely generated 
faithful ideals are projective, cf. [5, Theorem 5.10, p. 721. Our investigation on 
the injectivity of the classical ring of quotients of the polynomial ring, was initially 
motivated by a question of Carl Faith about when the polynomial ring R[x] over a 
commutative ring is FPF. We resolve this question in Section 3 by proving that for 
a commutative ring R and a nonempty set X, R[X] is right FPF iff X has 
cardinality 1 and R is a finite product of fields. In general it is an open question 
whether a right FPF ring must have a right and left self-injective left classical ring 
of quotients. If R is a right nonsingular right FPF ring this was proved by Burgess 
in [2]. This result lets us conclude that if R is a right nonsingular ring and X a 
nonempty set, R[X] is right FPF if and only if R is semisimple artinian. This result 
can also be extended to the group ring over a free abelian group; that is, if R is a 
commutative ring and G is a free abelian group, RG is FPF if and only if G g z 
and R is semisimple artinian. The same holds if R is a right nonsingular ring. 
1. Ascending chain condition on annihilators 
Throughout this paper R means an associative ring with 1. J(R) is the Jacobson 
radical of R. We denote by Q:,(R) (Q’,,(R)) the left (right) classical ring of 
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quotients of R and by Q”,,,(R) (Q’,,,(R)) the left (right) maximal ring of 
quotients of R. If M is a right R-module, we denote by E(M,) its injective hull, 
and if N is a submodule of M, N se M means that M is an essential extension of 
N. If S C M we denote by rR(S) the right annihilator of S and if M is a left 
R-module and S c M we denote by Z,(S) the left annihilator of S. 
We denote by R[X] the polynomial ring over an arbitrary set of indeterminates 
X and by R[x] the polynomial ring over a single indeterminate x. If X is a set, 
p(X) E R[X] and x E X, then by x-deg(p(X)) we shall mean the degree of p(X) 
as an element of S[x], where S = R[X\{x}]. 
Proposition 1.1. Let R be a ring such that for a nonempty set X, Q = Qf,(R[X]) 
exists and is a right self-injective ring. Then R satisfies the ascending chain 
condition on right annihilators of subsets of R. 
Proof. Suppose that for n = 0, 1, . . . and S, c R, the right ideals Z, = rR(Sn) form 
a strictly ascending chain. Then the chain 
lR(ZO) 3 lR(Z1) 3 * . .> l,(Z,) 3 . . . 
is also strict, since otherwise ZR(Zfi) = I,(Z,+,) implies 
Then for each n 2 1 we can choose b, E 1,(1,_,)\1,(1,,). Finally we fix an element 
x E X and consider the polynomials 
sn(x) = 1 + b,x + b2x2’ + . . . + b,xn2 
Let Z be the right ideal of Q defined by Z = U nzo ra(lR(Zn)). We can define a 
morphism f : I-+ Q as follows, f(q) = s,(x)q for q E ra(l,(Z,)). It is easy to see 
that f is well defined, because if q E r,(l,(Z,_,)) then b,q = 0. Since Q is right 
self-injective there is an element g(X)-‘p(X) E Q such that f(q) = g(X)-‘p(X)q 
for every q E I. Since b, e/,(1,,) there exist c, E Z,, such that b,c, f 0. 
Take N > max{x-deg(p(X)), x-deg( g(X)), l}. Then for n z- N we have 
dX)s, (xk, = P(X)C, # 0 . 
Now x-deg(s,(x)c,) = n’. Since g(X) is regular, x-deg( g(X)bnxn*c,) 2 n2, 
but x-deg(g(X)s,_,c,) < N + (n - 1)‘~ n2. Since g(X)s,(x)c, = g(X)s,_,(x)c, 
+ g(X) bnc,xnz, we can conclude that x-deg(g(X)s,c,) 2 n’. On the other hand, 
x-deg( p(X)c,) < N 5 n. And this gives the desired contradiction with the exist- 
ence of a strictly ascending chain of right annihilators. 0 
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We remark that if R satisfies the ascending chain condition on right an- 
nihilators, then R[X] does not inherit this property in general. For counterexam- 
ples see [ll]. 
We prove now that a similar result holds when Q’,,(R(X]) is right self-injective, 
in the case that X is an infinite set. 
Proposition 1.2. Let R be a ring such that for an infinite set X, Q = Q’,,(R[X]) 
exists and is a right self-injective ring. Then R satisfies the ascending chain 
condition on right annihilators of subsets of R. 
Proof. Consider an infinite countable subset Y of X, Y = {y,, y,, . .} say. We 
define Z,, I, b, and c, as in Proposition 1.1. Consider the morphism f : I+ Q 
defined by f(q) = s,(Y)q, where q E ra(lR(Zn)), and s,(Y) = 1 + b,y, + . . . + 
b,Y,. 
Since Q is right self-injective, there is an element p(X)g(X))’ E Q such that 
P(XMX)_‘q =f(q). So p(X)g(X)P’c, = s,(Y)c,. 
There is only a finite number of indeterminates with nonzero coefficient in p(X) 
and g(X). So we can take n such that y,,-deg( p(X)) = y,-deg(g(X)) = 0. Since 
R[X\{y,}] = R[X] sa is es t’ fi the right Ore condition, there exist r(X) and a 
regular polynomial s(X), both with y,-deg = 0, such that c,s(X) = g(X)r(X). So 
p(X)g(X)-‘c, =p(X)r(X)s(X))’ = s,(Y)c,, then p(X)r(X) = s,(Y)c,s(X). But 
y,-deg( p(X)r(X)) = 0 and y,-deg(s,(Y)c,s(X)) = 1. This gives a contradiction 
with the existence of an ascending chain of annihilators. 0 
It was proved by Faith [4] that a right self-injective ring satisfying the ascending 
chain condition on right or left annihilators is a quasi-Frobenius ring. Throughout 
the paper this will be our main tool in proving that a ring is QF. 
Corollary 1.3. Let R be a ring such that Q:,(R) exists and is right self-injective 
and, for a nonempty set X, Q%,(R[X]) exists and is also right self-injective. Then 
for any set Y, Qz,(R[YI) exists and is a quasi-Frobenius ring. 
Proof. By Pillay [14] it suffices to show that Q:,(R) is a QF ring. Since 
Qp,(R[X]) G QF,( Q%,(R)[X]), by Proposition 1.1 Q:,(R) is a right self-injective 
ring satisfying the ascending chain condition on right annihilators, so [4] Q:,(R) is 
a QF ring. 0 
Corollary 1.4. Let R be a van Neumann regular ring such that for a nonempty set 
X, Qc,(R[X]) exists and is right self-injective. Then R is semisimple artinian. 
Proof. Since R must be a regular ring satisfying the ascending chain condition on 
right annihilators, then by [7, Corollary 2.161 R is semisimple artinian. c3 
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Corollary 1.5. Let R be a ring. Then the following are equivalent: 
(a) There exists an infinite set X such that Qz,(R[X]) exists and is right 
self-injective. 
(b) There exists a set Y such that Qf,(R[Y]) exists and is a QF ring. 
(c) For any set X, QF,(R[X]) exists and is a QF ring. 
(d) There exists an infinite set X such that QE,(R[X]) exists and is Zeft self- 
injective. 
Proof. (a)+(b) Suppose that Qf,(R[X]) is right self-injective. Take an element 
x E X and consider Y = X\{x}. Since R[X] z R[Y], Qf,(R[Y]) exists and is right 
self-injective, so by Corollary 1.3, Qz,(R[Y]) is a QF ring. 
(b) + (a), (b) e (c) and (c) 3 (d) are from [14]. To finish the proof it suffices to 
show that (d) +(b). Suppose that Q%,(R[X]) exists and is a left self-injective ring. 
Since X is infinite, X = Y U 2, where Y has the same cardinality of X, 2 is infinite 
and Y n 2 = 0. Since R[X] g R[ Y], Qz,(R[ Y]) exists and is a left self-injective 
ring, but Q%,(R[X]) z Qz,(Qz,(R[Y])[Z]), so by Proposition 1.2, Qz,(R[Y]) is a 
left self-injective ring satisfying the ascending chain condition on left annihilators. 
So by [4], Qz,(R[Y]), and hence Qf,(R[X]), is a QF ring. 0 
2. The classical ring of quotients of R 
In this section we continue our study of injectivity conditions on Qz,(R[X]). We 
shall prove that if Qz,(R[X]) is right and left self-injective, where X is any 
nonempty set, then Q:,(R) is a QF ring and if Qf,(R[X]) is injective as a right 
R[X]-module, then the same result holds and the right classical quotient ring of R 
exists. 
By [14], it suffices to show that these results are valid in the case when X = {x}. 
The results that follow are therefore stated for R[x], with the knowledge that the 
same arguments can be extended to the polynomial ring over an arbitrary set X. 
Next we try to determine when the existence of Qz,(R[x]) implies the existence 
of Q:,(R). All our results are based on the following lemma. 
Lemma 2.1. Let R be a ring such that Qf,(R[x]) exists. Suppose that for any 
regular element r(x) E R[x], there exists q(x) such that q(x)r(x) has a regular 
coefficient. Then Q:,(R) exists. Zf in addition QE,(R[x]) is injective as a right 
R[x]-module or is left self-injective, then Q:,(R) is also injective as a right 
R-module or is left self-injective. 
Proof. We only have to prove that R satisfies the left Ore condition. Let a # 0 be 
an element of R and b a regular element. Since R[x] satisfies the left Ore 
condition there exist a regular polynomial r(x) and s(x) E R[x] such that r(x)a = 
s(x)b. Now by hypothesis there exists q(x) such that q(x)r(x) has a regular 
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coefficient r. Thus the equality q(x)r(x)a = q(x)s(x)b gives that ru = sb, for some 
s E R. So R has a left classical ring of quotients. 
Suppose that Qz,(R[x]) 1s m ec ive . j t as a right R[x]-module. Let I be a right 
ideal of R and f : I+ Q:,(R) a morphism of right R-modules. Then f can be 
extended to a morphism of right R[x] modules, f : ZR[x]+ Qz,(R[x]), so f is 
given by left multiplication by some element r(x)-‘s(x) E Qf,(R[x]). Pick q(x) so 
that q(x)r(x) h as a regular coefficient b, and let the corresponding coefficient of 
q(x)s(x) be c. Then for any a E I, q(x)r(x)f(a) = q(x)s(x)a, whence f(u) = b-‘cu, 
proving that Q:,(R) is injective as a right R-module. 
If Qz,(R[x]) is left self-injective then 
We want to show that Q:,(R) inherits these properties. It suffices to show that for 
any (Y E E(,R) c E(R,r,R[~]), the left conductor 
(R : a) = {s E R 1 sa E R} 
contains a regular element. Since E(,R) is an essential extension of RR we 
conclude that (R : a)[~] = (R[x] : a), so there exists a regular polynomial I(X) E 
(R[x] : a) and by hypothesis there exists q(x) such that q(x)r(x) has a regular 
coefficient. Thus (R : a) contains a regular element whence Q%,(R) is left 
self-injective. 0 
Let J(R) be the Jacobian radical of R. Recall that if R/J(R) is semisimple 
artinian then R is said to be a semilocal ring. If R is semilocal and the idempotents 
can be lifted mod J(R) then R is a semiperfect ring. It is well known that 
semilocal rings that are right or left self-injective are semiperfect [19, Proposition 
XIV.1.6]. 
In what follows the regular elements of a ring R will be denoted by R’“! 
Small in [18], proved that R is a left order in a semisimple artinian ring iff R[x] 
is also a left order in a semisimple artinian ring. To do this he proved that if R[x] 
is a left order in a semisimple artinian ring, then for any regular polynomial r(x) 
there exists q(x) such that q(x)r(x) has a regular leading coefficient [18, Lemma 
21. 
Robson’s Theorem [15, p. 3681 states that a ring R is a left order in a semilocal 
ring iff there is an ideal I of R that satisfies the following conditions: 
(1) R/Z = R is semiprime Goldie, 
(2) a E Rreg whenever 6 E R reg, 
(3) a E I, b E Rreg 3 3~’ E I, b’ E Rreg such that u’b = b’u. 
In what follows Z,(R) = {a E R ) Z,(a) se R} will denote the left singular ideal 
of R. 
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Lemma 2.2. Let R be a ring. Then: 
6) Z,(R[xl) = ZAWxl. 
(4 V Q%W) exists, then Z,( Qz,(R[x])) II R[x] = Z,(R)[x] 
Proof. (i) This is due to Shock [17]. 
(ii) Suppose that a E (Z,( Qf,(R[x])) f’ R). Then for any YE R, l,;,cR,,,,(a) n 
Q%,(R[x])r # 0, so there exist p(x)7 # 0 such that p(x)ra = 0. Thus I,(a) n Rr # 0. 
Suppose now that a E Z,(R), then for any q(x))‘p(x) E Qz,(R[x]), lRrX,(a) n 
R[xl ~c4qw’P(4 + 03 so in fact Z,(R) = Z,(Qz,(R[x])) n R. 0 
Proposition 2.3. Let R be a ring such that Q,“,(R[x]) exists and is semiperfect left 
self-injective. Then Q:,(R) exists and is semiperfect left self-injective. 
Proof. Let S = R[x], Q = Q:,(s) and J = J(Q). S’ mce Q is left self-injective, the 
left singular ideal Z,(Q) of Q is equal to J, cf. [19, Corollary XIV.1.31. Hence by 
Lemma 2.2, J tl S = Z,(R)[x]. 
Let r : Q-+ Q/J be the natural projection map. Then we clearly have that 
(RIZ,(R))[x] s S/J fl Sz r(S). If f = c fxi E S then n(f) E r(S) corresponds 
to c (J; + Z,(R))x’ E (RIZ,(R))[x] which by abuse of notation, we shall denote 
by 7r( f) as well. 
We show firstly that Ql,(n(,S)) = Q/J. Let r(g) E rr(S)? Then the left 
annihilator of 7~( g) in Q/J is zero, and since Q/J is semisimple, n(g) is a unit in 
Q/J. (Note that it then follows that g is a unit in Q since J is the Jacobson radical 
of Q.) The claim follows immediately. Hence rr(S) (and consequently, R/Z,(R)) 
is semiprime Goldie. 
Next we show that a regular polynomial in R[x] satisfies the condition of 
Lemma 2.1. Let then g be regular in R[x]. 
Since Q exists, g is invertible in Q, hence r(g) is invertible in Q/J. So 
T(g) E n(S)“‘. By Small’s [18, Lemma 21 result there exists r(f) E n(S) such 
that r( fg) has a regular coefficient c + Z,(R) in R/Z,(R). So fg has a coefficient 
c such that c + Z,(R) is regular in R/Z,(R). Then c + J is a unit in Q/J so that c 
is a unit in Q, hence regular in R. 
By Lemma 2.1, Q:,(R) exists and is left self-injective. By an earlier remark we 
need only show that Q:,(R) is semilocal. We apply Robson’s Theorem to 
Z = Z,(R). The first two conditions are clearly satisfied. Let then a E I, and 
b E Rreg. Then by the Ore condition, there exist a’ E R, b’ E Rreg such that 
a’b = ab’. Since ab’ E Z,(R) and l,(ab’) C l,(a’), we have a’ E I. 0 
A ring R is said to have finite right Goldie dimension if it contains no infinite 
direct sums of right ideals. 
Proposition 2.4. Let R be a ring such that Qe,(R[x]) exists and is injective as a 
right R[x]-module. Then R has finite right Goldie dimension and Q:,(R) exists and 
is a QF ring that is injective as a right R-module. 
58 D. Herbera, P. Pillay 
Proof. Suppose that I,, Z,, . . , Z,, . . . is a sequence of independent right ideals 
of R, then Z,R[x], Z,R[x], . . is a sequence of independent right ideals of R[x]. 
We can define a morphism 
such that if p(x) E Z,,R[x] then f(p(x)) = x”p(x). Since Q%,(R[x]) is right R[x]- 
injective, f is given by left multiplication by some element q(x)-‘p(x) E 
Q:,(W). Th us f or any II, p(x)Z,, = q(x)x”Z,. But if we take n > deg( p(x)) this 
implies that Z, = 0. So R cannot contain infinite direct sums of right ideals. 
Moreover, from Proposition 1.1 and the fact that injectivity as a right R[x]- 
module forces Qz,(R[x]) to be right self-injective, it follows that R is right Goldie. 
If R has finite right Goldie dimension, then by a result of Shock [17] R[x] also 
has finite right Goldie dimension. Hence for any regular g E R[x], gR[x] is an 
essential right ideal of R[x] ( see [15, Proposition 3.2.111). Hence R[x] se 
Qt,(R[x]) as right R[x]-modules and then Qz,(R[x]) z E(R[x],,+,) is a semiper- 
feet ring [19, Proposition XIV.l.71. On the other hand, since R is a right Goldie 
ring the nilradical of R, N(R) is nilpotent [3, Theorem 1.351, thus J(R[x]) = 
N(R)[x] is nilpotent, cf. [l]. By [15, Exercise 6, p. 4441 we can conclude that 
.Z( Qz,(R[x])) is nilpotent and J( Qz,(R[x])) fl R[x] = N(R)[x]. Now as in Proposi- 
tion 2.3 we can conclude that Q:,(R) exists and is a semiperfect ring that is 
injective as a right R-module. Now by Corollary 1.3, Q%,(R) is QF. 0 
Proposition 2.5. Let R be a ring such that Qf,(R[x]) exists and is a right and left 
self-injective ring. Then Q:,(R) exists and is a QF ring. 
Proof. Suppose first that R is a left nonsingular ring. Then R[x] is also left 
nonsingular and 
Q’,,,(W) = Ql,,,(Qf,AW4 
Q6,(QC,,,(R)[xl). 
Since R is nonsingular, Q:,,(R) is regular, and by [14, Theorem 4.31, Q:,,(R) is 
also left self-injective. By Proposition 1.1, Q:,,(R) satisfies ascending chain 
condition on right annihilators of Q:,,(R), thus Q’,,,(R) is semisimple artinian 
[7, Corollary 2.161. Then R is Goldie left finite-dimensional whence Q:,(R) exists 
and is semisimple artinian, so QF. 
Let R be any ring. It is well known that Qf,(R[x])/.Z(Qf,(R[x])) is a regular 
right and left-self injective ring, idempotents can be lifted and J( Qf,(R[x])) = 
Z,(Qe,(R[x])) [19, Corollary XIV.1.31. The proof that 
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as in Proposition 2.3, goes through with the observation that in a right and left 
self-injective von Neumann regular ring one-sided regular elements are invertible, 
cf. [7, Theorem 9.291. Hence Q~,,(Z?lZ,(R)[x]) = Qz,(RlZ,(R)[x]) is von 
Neumann regular, so (RIZ,(R))[x] and hence R/Z,(R) is left nonsingular. Hence 
Qf,(R[xl)lJ(Q~,(R[xl)) is semisimple, proving that Qz,(R[x]) is semiperfect left 
self-injective. By Proposition 2.3, Q:,(R) exists and is a semiperfect left self- 
injective ring and by Proposition 1.1 satisfies ascending chain condition on right 
annihilators, so by [4] Q:,(R) is QF. 0 
We can now state our final result in this case. 
Theorem 2.6. Let R be a ring. Then the following statements are equivalent: 
(i) There exists a nonempty set X such that Qz,(R[X]) exists and is a right and 
left self-injective ring. 
(ii) There exists a set Y such that Qz,(R[Y]) exists and is a QF ring. 
(iii) For any set X, Qf,(R[X]) exists and is a QF ring. 
Proof. (i) 3 (ii) If we pick an element x E X and take Y = X\(x) then the result 
is clear by Proposition 2.5. 
(ii) + (iii) This is clear from [14, Theorem 4.51. q 
Proposition 2.7. Let R be a right Goldie finite-dimensional ring, such that Q:,(R) 
exists and is a QF ring that is injective as a right R-module. Then Q:,(R) = Q:,(R) 
exists, so that in this case R has a two-sided QF classical ring of quotients. 
Proof. Since R has right finite Goldie dimension R, se Q z,(R), so Q z,(R) g 
E(R.). We want to prove that E(R,)z Q’,,,(R), for this consider 
Now the right maximal ring of quotients is the endomorphism ring of the injective 
hull viewed as a left H-module, so in our case it is isomorphic to the opposite ring 
of Q:,(R). But if Q:,(R) is QF, then so is its opposite ring, in particular our 
maximal ring of quotients is self-injective thus isomorphic to E(R,). 
Now Z,( Q%,(R)) = J(Q) and J( Q:,(R)) fl R = N(R) [19, Corollary XV.3.21 the 
maximal nilideal of R, then R/IV(R) 1s a semiprime right Goldie ring. On the 
other hand Zr(Qz,(R)) h as no rational extensions in Q:,(R), since it can be 
viewed as an annihilator ideal of E(R,). We are now in a position to use a result 
of Shock [16, Theorem 5.31 and conclude that R is a right order in Q:,(R). 0 
Theorem 2.8. Let R be a ring. Then the following statements are equivalent: 
(i) There exists a nonempty set X such that Qf,(R[X]) is injective as a right 
R[X]-module. 
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(ii) There exists a set Y such that R[Y] has a two-sided classical ring of 
quotients that is a QF ring. 
(iii) For any set X, R[X] has a two-sided classical ring of quotients that is a QF 
ring. 
Proof. (i) + (ii) If we pick an element x E X and take Y = X\{x}, the conclusion 
follows from Propositions 2.4 and 2.7. 
(ii)+(iii) This is clear from [14, Theorem 4.51. 0 
3. Some applications 
All our results can be rewritten in terms of the group ring RG over a free 
abelian group, because if G has a basis X then RG can be viewed as a central 
localization of R[X], cf. [14]. 
Corollary 3.1. Let R be a ring. Then the following statements are equivalent: 
(i) There exists a free abelian group G # 0, such that Qf,(RG) exists and is 
right and left self-injective. 
(ii) There exists a free abelian group F such that Q zI(RF) exists and is a QF 
ring. 
(iii) For any free abelian group G, Qf,(RG) exists and is a QF ring. 
(iv) There exists a free abelian group G with an infinite basis such that Q f,(RG) 
is left self-injective. 
(v) There exists a free abelian group G with an infinite basis such that Q f,(RG) 
is right self-injective. 0 
Observe that if Qf,(R[X]) is injective as a module over a central localization of 
R[X] then it is also injective as a right R[X]-module. 
Corollary 3.2. Let R be a ring. Then the following statements are equivalent: 
(i) There exists a free abelian group G # 0 such that QE,(RG) is injective as a 
right RG-module. 
(ii) There exists a free abelian group F such that RF has a two-sided classical 
ring of quotient that is a QF ring. 
(iii) For any free abelian group G, RG has a two-sided classical ring of 
quotients that is a QF ring. 0 
A ring R is called right FPF if all its finitely generated faithful right modules are 
generators of the category of right R-modules. For any right module M the trace 
ideal of M is a two-sided ideal of R defined by 
tr(M) = c f(M). 
Clearly M is a generator iff tr(M) = R. 
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Commutative FPF rings were characterized by Faith as those commutative rings 
such that the classical ring of quotients is self-injective and finitely generated 
ideals are projective, cf. [5, Theorem 5.10, p. 721. 
In [13, Theorem l] Kobayashi characterized nonsingular right FPF rings in the 
following way. 
Theorem 3.3 [13, Theorem 11. Let R be a right nonsingular ring. Then R is a right 
FPF ring iff 
(A) every essential right ideal of R contains a two-sided ideal which is essential 
as a right ideal, 
(B) Q%,(R) = Q’,,,(R) = Q:,,(R) is right and left self-injective, 
(C) every finitely generated faithful right ideal is a generator. 0 
Lemma 3.4. Let R be a ring. Zf for any a E R, the right ideal aR[x] + xR[x] 
generates the category of right R[x] modules, then: 
(i) The center of R is a regular ring. 
(ii) Zf a is a left regular element of R, then RaR = R. 
Proof. (i) Let a be a central element of R. Since the ideal aR[x] + xR[x] is a 
generator and is generated by central elements it is projective. Thus by [8] there 
exists an element r E R such that ara = a, if we take z = rar it is clear that aza = a 
and it can be easily proved that t is central, cf. [7, Theorem 1.141. 
(ii) Suppose now that a is a left regular element of R. Consider the ideal 
Z= aR[x] + xR[x]. Since a is a left regular element then for any f E 
=%[,](Z, Nxl) we have that f(a)x = f(x)a, thus the zero coefficient of f(x) is 
zero. Since Z is a generator there exist fi, . . . , f, and g,, . . . , g, in Z* such that 
f,(a)p, + * . . + f,(a)p, + g,(x)q, + . . . + &k = 1 
for suitable elements pl, . . . , p, and ql, . . . , q, in R[x]. By the previous remarks 
we have that 
fI (x)ap, (x) + . - f + f,-l(x)apn-l = x - x*q(x) , 
thus the coefficient of degree one of this equality says that RaR = R. q 
Corollary 3.5. Let R be a ring that is either commutative or right nonsingular and 
X a nonempty set. Then R[X] is right FPF ijf X= {x} and R is semisimple 
artinian . 
Proof. Suppose that R[X] is right FPF. Pick x E X and consider (R[X\{x}])[x]. 
By Lemma 3.4 the center of R[X\{x}] is a regular ring. Thus X= {x}. 
Suppose that R is commutative, since the classical ring of quotients of R[x] is 
self-injective by Corollary 1.4, R is a finite product of fields. 
62 D. Herbera, P. Pillay 
If R is right nonsingular we can apply Theorem 3.3 and Theorem 2.8 to 
conclude that R is a right and left order in a semisimple artinian ring. In order to 
see that R is its own classical ring of quotients we will see that for any regular 
element a E R, aR = R. Since by [12, Proposition 21 R is a right FPF semiprime 
Goldie ring, aR se R and contains a two-sided ideal J which is essential as a right 
ideal (Theorem 3.3), thus J contains a regular element b, and by Lemma 3.4, 
R = RbR se aR. Thus aR = R. 
If R is semisimple artinian then R[x] is FPF [6, Proposition 4.131. 0 
We give now a result analogous to Lemma 3.4 that will lead us to the same 
conclusions for FPF group rings over a free abelian group. 
Lemma 3.6. Let R be a ring and Z the group of integers generated by an element x. 
Zf for any element a E R, the right ideal aRZ + (1 - x)RZ generates the category of 
right RZ modules, then: 
(i) The center of R is a regular ring. 
(ii) Zf a is a left regular element of R, then RaR = R. 
Proof. (i) Let a be a central element of R. Since the ideal aRZ + (1 - x)RZ is 
projective, as in Lemma 3.4 by using [9, Lemma 2.31 we can conclude that the 
center or R is regular. 
(ii) Suppose now that Q is a left regular element of R. Consider the ideal 
Z = aRZ + (1 - x)RZ. Now the proof goes as in Lemma 3.4. We only have to 
remark that, since a is a left regular element, for any f E Hom,,(Z, RZ) we have 
thatf(a)(l-x)=f(l-x)a,thusf(l- )’ x is an element of the augmentation ideal 
of RZ. Cl 
Corollary 3.7. Let R be a ring that is either commutative or right nonsingular and 
G a free abelian group. Then RG is right FPF iff G z Z and R is semisimple 
artinian. 
Proof. The ‘if’ part can be proved as in Corollary 3.5, by using [12, Corollary 41. 
The ‘only if’ part can be viewed as a consequence of Corollary 3.5 and [lo, 
Corollary 1.41. 0 
It is hoped that the results of this paper correct a misunderstanding of a remark 
of Pillay’s that was (mis)stated in [5, p. 631. 
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